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Let Hi,Hos,...,Hyt1 be a sequence of k+1 finite, undirected, simple graphs. The (multi-
colored) Ramsey number r(H1, Ha, ..., Hyy1) is the minimum integer r such that in every
edge-coloring of the complete graph on r vertices by k41 colors, there is a monochromatic
copy of H; in color 7 for some 1<i<k+ 1. We describe a general technique that supplies
tight lower bounds for several numbers r(H1, Ha,...,Hk4+1) when k>2, and the last graph
Hj. 41 is the complete graph K, on m vertices. This technique enables us to determine the
asymptotic behaviour of these numbers, up to a polylogarithmic factor, in various cases.
In particular we show that r(Ks, K3, Km) = ©@(m®polylogm), thus solving (in a strong
form) a conjecture of Erdés and Sés raised in 1979. Another special case of our result im-
plies that r(C4,Ca, Km) = @(m?polylogm) and that r(Ca,Ca,Ca, Kpn) = O(m?/log?m).
The proofs combine combinatorial and probabilistic arguments with spectral techniques
and certain estimates of character sums.

1. Introduction

All graphs considered here are finite, undirected and simple, unless oth-
erwise specified. Let Hy,Ho,...,H; 1 be a sequence of k+ 1 graphs. The
multicolored Ramsey number r(Hy, Ha, ..., Hi1) is the minimum integer r
such that in every edge-coloring of the complete graph on r vertices by k+1
colors, there is a monochromatic copy of H; in color i for some 1<¢<k+1.
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The determination or estimation of these numbers is usually a very diffi-
cult problem. When all graphs H; are complete graphs with more than two
vertices, the only values that are known precisely are those of (K3, K,,) for
m <9, r(Ky,Ky), r(K4,K5) and r(K3, K3, K3). Even the determination of
the asymptotic behaviour of Ramsey numbers up to a constant factor is a
hard problem, and despite a lot of efforts by various researchers (see, e.g.,
[16], [10] and their references), there are only a few infinite families of graphs
for which this behaviour is known. A particularly interesting example is the
result of Kim [17] together with that of Ajtai, Komlés and Szemerédi [2]
that show that (K3, K,,) =06 (m?/logm).

The situation is even worse for multicolored Ramsey numbers, that is, for
the case of at least 3 colors. Even the asymptotic behaviour of r( K3, K3, K,;,)
has been very poorly understood, and Erdés and Soés raised the following
conjecture in [15] (see also [23], [10], p. 23).

Conjecture 1.1 (Erdés and Sés, [15]).

li T(K37K3aKm) o
im ———= " =
m— 00 T(Kg,Km)

Here we describe a general technique that supplies tight lower bounds
for several numbers r(Hy,Hs,...,Hi11) when k > 2, and the last graph
Hj. 4 is the complete graph K,,, on m vertices. In particular we show that
r(K3, K3, K;,) =0(m3polylogm), thus solving, in a strong form, the above
mentioned conjecture. The technique can be used to deal with more than 3
colors as well. For two graphs H, K and for an integer k, let r(H; K) denote
the Ramsey number r(Hy,Ho,...,Hy, K), where H; = H for all i <k. Our
method shows that for every fixed integer k> 1,

(1) ri(Ks; Kom) = O(m* ' polylog m).

The method is particularly effective for determining the asymptotic be-
haviour of the numbers r(H; K,,), when H is bipartite and k£ > 2 (and
even more effectively, when k& > 3). Surprisingly, we can often get tight es-
timates for these numbers even in cases where the asymptotic behaviour of
r1(H; Kp,)=r(H,K,,) is far from being understood.

In particular, it is not known if r(Cy, K,,) = O(m?~€) for some absolute
constant € > 0, and Erdds conjectured in [12], (see also [10], p. 19), that
this is the case. Using our technique here we show that r(Cy,Cy, K;,) =
O(m?polylogm) and that for every fixed k>3

(2) re(Cy; Kpy) = @(m2/ log? m),
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thus determining these numbers up to a constant factor for every fixed num-
ber of colors exceeding 3.

More generally, we get similar estimates for other complete bipartite
graphs H. We show that for every fixed ¢t and for every fixed s> (t—1)!+1,
(Kt s, Kt s, Ki) =O(m'polylogm), and for every k>2,

(3) i (Kt.5; Km) = ©(m'/log m).

Similar tight results are obtained when H is a cycle of length 6 or 10.
The proofs combine combinatorial and probabilistic arguments with spectral
techniques and certain estimates of character sums.

Our notation is rather standard. As usual, for two functions f(n) and
g(n) we write that f(n)= O(g(n)) if there exists a positive constant ¢ so
that f(n) <cg(n) for all sufficiently large n, and write that f(n)=12(g(n))
if g(n) = O(f(n). We write f(n) =O(g(n)) if f(n) = O(g(n)) and g(n) =
O(f(n)). We write f(n)=0(g(n)) if there is an absolute constant ¢ such
that f(n)<g(n)(logn)¢ for all sufficiently large n. Similarly, f(n)=2(g(n))
if there is a constant b such that f(n) > g(n)(logn)® for all sufficiently
large n. Therefore, f(n) = 2(g(n)) if and only if g(n) = O(f(n)). Finally,
f(n)=6(g(n)) if f(n)=0(g(n)) and f(n)=12(g(n)), that is, f and g are
equal up to polylogarithmic factors.

Throughout the paper we assume, whenever this is needed, that n is
sufficiently large. We make no attempt to optimize the various absolute
constants in our estimates. To simplify the presentation, we omit all floor
and ceiling signs whenever these are not crucial. All logarithms are in the
natural base e.

The rest of the paper is organized as follows. In Section 2 we bound the
maximum possible number of independent sets of a given size in regular
graphs with small nontrivial eigenvalues. In Section 3 we describe our basic
technique for obtaining lower bounds for multicolored Ramsey numbers; the
bounds are obtained by considering random shifts of appropriate pseudo
random graphs, or of blow-ups of such graphs. We proceed with the proofs
of the specific results mentioned above. The proof of (1) is described in
subsection 3.1, and that of (2) in subsection 3.2. In subsection 3.3 we present
the proof of (3), and in subsection 3.4 we consider additional even cycles.
The final section, Section 4, contains some concluding remarks.

2. The number of independent sets in graphs with small
nontrivial eigenvalues

An (n,d,\)—graph is a d-regular graph G = (V,E) on n vertices, such that
the absolute value of every eigenvalue of the adjacency matrix of GG, besides
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the largest one, is at most A. It is well known that if A is much smaller than
d, then any (n,d,\)-graph has some strong pseudo-random properties; see,
e.g., [7], Chapter 9.2. Here we prove a new property of such graphs: they do
not contain many large independent sets.

We will be interested in graphs on n vertices in which d behaves like n®
for some fixed o between 0 and 1. Some of our graphs will have loops (at
most one loop per vertex), with a loop contributing 1 to the degree of the
corresponding vertex. We call a set of vertices independent if it contains no
edges besides, possibly, loops (that is, if the corresponding set in the simple
graph obtained from our graph by omitting all loops is independent.)

It is easy to see that the number of independent sets of size, say, m =

n

ICESIE in any d-regular graph on n vertices, (without any assumption on its

eigenvalues) is at least

n(n—d—1)(n-2d-2)...(n—(m-1)(d+1) ( n )m—(d+1)m.

m)!

2m

Somewhat surprisingly, if the graph is an (n,d, \)-graph and we consider

2
slightly larger independent sets, for example sets of size m = "kl%, then
their number cannot exceed

)\ m
logQ*"(l) n)

This is proved in the following theorem.

Theorem 2.1. Let G = (V,E) be an (n,d,\)-graph. Then for any m >

2"1%, the number of independent sets of size m in G is at most

2nlog n

emd? d e2n
() ryaard I ]
4 nlogn md

In particular, for any € > 0 and any n > ng(e), if m = %log2 n, then the
number of independent sets of size m is at most

(5) (W%H)Tn-

To prove the theorem, we need the following simple lemma. Some versions
of this lemma appear in various places, see, e.g., [7], Chapter 9.
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Lemma 2.2. Let G=(V,E) be an (n,d,\)-graph, and let BCV be a subset
of bn vertices of GG. Define

C—{ueV: yN<u)mByg%b},

where here and in what follows N (u) denotes the set of all neighbors of u
(including u itself, if there is a loop at u). Then

42

Therefore |BNC|< %n.

Proof. Let A denote the adjacency matrix of G, and define a vector x =
(v, :veV)by x,=—-bif vg Band x, =1—b if v € B. Then 2'x =
(n—|B|)b®+|B|(1—b)?=b(1—b)n. As the sum of coordinates of x is zero,
it is orthogonal to the all 1 vector which is the eigenvector of the largest
eigenvalue of A, and hence

|Az||3 = 2t A" Az < Nzla.
We also have

42| = 3" (IN@)NBI(1—b)— ([d—|(N(@)NBI)b)> = 3" (N ()N B|—db)>.
veV veV

Therefore

> (IN(v) N B| = db)* < Na'z.

veV
Since each v € C' contributes to the left hand side more than d?b? /4, and
rltz=b(1-b)n

|C|d*b%/4 < N2b(1 — b)n < A’bn,

2
implying that w < A2n?, as claimed. In particular, if |B| > %n then
|C| < 2n, and consequently in any case |BNC|< Zn. 1

Proof of Theorem 2.1. Consider the number of ways to choose an ordered
set vy, va,...,v, of m vertices of G which form an independent set. Starting
with By=V, let B; denote the set of all vertices that are not adjacent to any
vertex among the first ¢ chosen vertices v1,...,v;. Obviously, all the vertices
v; for j >4 have to lie in B;. Define, also,

d| Bi|

= N (u) N By < D5
C {u€V|(u)ﬂ | Qn}



130 NOGA ALON, VOJTECH RODL

Note that if the next chosen vertex, v;y1, is not a member of C;, then
|Biy1] < (1 —4%)|B;|, and hence throughout the process there cannot be
more than 2Fnlogn choices like that, since otherwise the corresponding set
of non-neighbors will be empty before the process terminates, not allowing
us to choose the next vertex.

It follows that with at most s= %”logn possible exceptions, each vertex
vi+1 has to lie in B;NC;. However, by Lemma 2.2, this intersection is always
of size at most 2An/d. Therefore, the total number of choices for the ordered
set v1,v2,...,Uy, is at most

(1) (o)™

Indeed, there are (T:) possibilities to choose a set of s indices covering all
indices 7 in which the vertex v; has not been chosen in C;NB;. Then, there
are at most n ways to choose each such vertex v;, and at most %n ways to
choose each vertex v; for each other index j.

Dividing by m! in order to get an upper bound for the number of un-
ordered independent sets of size m, and plugging in the value of s= 27” logn,

we conclude that this number is at most

(e B e [
m! \ s d ~ |s2An/d md

2n log n

emd? d [62)\71}’”

4 nlogn ’

md

as claimed.
In particular, if m= 174 log?n then the last quantity is equal to

n 10g n n 10, 2 T n 10, 2 T
[edlognr s { €2 }—15’ << A )—15
4\ log?n ~ \(logn)%—¢ ’
provided n >mng(e). 1

3. Tight bounds for Ramsey numbers

Recall that for a positive integer k and for two graphs H and K, ri(H;K)
denotes the Ramsey number r(Hj,...,Hy, K), where H;=H for all 1 <i<k.
We need the following simple lemma.
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Lemma 3.1. Let G be a graph on n vertices, and let M denote the number
of independent sets of size m in G. If, for a positive integer k > 2, M* <
((Z))kil, then there is a collection G1,Gs,...,Gy of k graphs on the same
set V' of n vertices, where each G; is isomorphic to G, and where the graph
whose edges are all pairs of vertices of V' that do not lie in any G; contains
no clique of size m.

Therefore, if G contains no copy of H for some fixed graph H, then the

Ramsey number r.(H; K,,) satisfies ri.(H; K,,) >n.

Proof. For each i, 1 <i<k, let G; be a random copy of G on V, that is, a
graph obtained from G by mapping its vertices to those of V according to a
random one to one mapping. The probability that a fixed set of m vertices
of V will be an independent set in each G; is precisely

k
( @ )
(m))
implying, by our assumption that M* < (("))*~!, that with positive proba-
bility there is no such independent set. This gives the existence of the graphs
G as required.
By coloring each edge of the complete graph on V' by the minimum ¢

such that it belongs to G;, if there is such an i, and by k+1 otherwise, we
conclude that if G' contains no copy of H then rp(H; K,,)>n. ]

3.1. Triangles

The r-blow-up G’ of a graph G is the graph obtained by replacing each vertex
v of G by an independent set S, of size r, and each edge uv of G by the set
of all edges xy with x €5, y€.5,. It is easy to see that the adjacency matrix
of G’ is the tensor product of the adjacency matrix of G with an all-one r
by r matrix, and hence all the nonzero eigenvalues of G’ are simply those
of G multiplied by r. It follows that if G is an (n,d,\)-graph, then G’ is an
(nr,dr, Ar)-graph.

The following theorem determines the asymptotic behaviour of ry(Ks;
K,,) for every fixed k, up to poly-logarithmic factors.

Theorem 3.2. For every fixed k> 1, the Ramsey number 7 (K3; Ky,) sat-
isfies 1 (K3; K ) =60 (mF1).
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Proof. For k =1, ri(K3; Kp) = r(K3,K,,) = ©(m?/logm) as proved by
Ajtai, Koml6s and Szemerédi [2] and by Kim [17]. We next prove, by induc-
tion on k, that for every fixed k>1,

mF*1(loglog m)+~1

(log m)*

This holds for k=1, by the above mentioned result. Assuming the result
holds for k—1, we prove it for k. Given an edge-coloring of Ky by k+1
colors with no monochromatic triangle in any of the first k colors, and no
monochromatic K, in the last color, consider the graph T" consisting of all
edges of the first k£ colors. We claim that the maximum degree of T is at
most D =k(rg_1(Ks3; Kp)—1) <krip_1(Ks; K,,). Indeed, otherwise there is
a vertex v incident with at least ry_q(K3;K,,) edges of color i for some
1 < k. The induced subgraph of T" on the set of all vertices connected to v
by edges of color i cannot contain edges of color ¢, and thus must contain
either a monochromatic triangle of color j for some j < k, j # i, or an
independent set of size m, leading, in each of these cases, to a contradiction.
Therefore, the maximum degree of T is at most D. Let s be the Ramsey
number r(Hy, Ho, ..., Hy), with H;= K3 for all i. It is known that s <O(k!)
but here we only need the fact that it is a finite function of k. Obviously
T contains no copy of K. By a result of Shearer [22] this implies that T

(K3 K) < cg

contains an independent set of size at least Q(%). As this set must

be of size smaller than m we conclude that for some c=c(k)>0,
. Nlog [kry—1(Ks3; Kp,)]
kri_1(Ks; Kp,)loglog[kry—1(Ks; Kp,)]

<m,

which, together with the induction hypothesis, implies the desired upper
bound.

To get the lower bound, we apply Theorem 2.1 and Lemma 3.1 to ap-
propriate blow-ups of an explicit family of graphs constructed in [3]. In that
paper it is shown that for every n =23/, with f not divisible by 3, there is
a triangle-free (n,d,\)-graph with d =2/"1(2/=1 —1) = (1 4+ o(1))n?/3 and
A=9.2743.2//2 4 1/4= (94 0(1))n'/3. Let G be an r blow-up of such a
graph, where r:nk/3*2/3(logn)2*5 for some § >0. Then G is triangle-free,
and is an (N, D, A)-graph with N =nr, D=dr, A=(9+0(1))n'/3r. By The-

. Nlog? N 1/3 2
orem 2.1 it follows that for m==—"5—==c(k)n /3(logn)?, the number M of
independent sets of size m in G satisfies

nl/3

r m
M<|————| ,
- logQ_E(nr)]
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provided n is sufficiently large as a function of e. If € is sufficiently small as
a function of §, then it is not difficult to check that

M

ri(Ks; Kpn) > N.

MF <

implying, by Lemma 3.1, that

Since m=c(k)n'/3(logn)? and N =nr=n*+1/3(logn)?>=% we conclude that
for all 0 >0 and all sufficiently large m,

mk+1
K3:K,)> 02| —ms—.
Tkz( 33 )— (logm)2k+5

This completes the proof. |

Remark. As observed by Benny Sudakov [25], the (loglogm)*~! term in
the upper bound can be eliminated. This is because in the graph 7" defined
in the proof above, whose maximum degree is D, the number of edges in
each neighborhood of a vertex is at most, say, Dk?rj_o(K3; K,,)/2. Indeed,
suppose this is not the case and v is a vertex of T" whose neigborhood
contains more edges, then there is a vertex u in this neighborhood of degree
bigger than k?rj_5(K3;K,,) in the neighborhood. Classifying the common
neighbors of u and v according to the colors of the edges connecting them
to u and v we obtain a set U of at least ry_o(K3; K,,) vertices, all connected
to v by edges of one of the first k colors, and all connected to v by edges
of another color. Therefore, there are no edges of these two colors among
the vertices of U, implying that the induced graph on it contains either a
monochromatic triangle in one of the first k colors, or an independent set of
size m, which is impossible. It follows that indeed each neighborhood of T is
sparse, and hence, by the results in [1] or in [5], it contains an independent set
of size at least £2(Nlog D /D), implying the slightly improved upper bound
for N.

3.2. Bipartite graphs and 4-cycles

Our technique is particularly effective for bounding ri(H; K,,) when H is
a bipartite graph. In this case we can sometimes determine the asymptotic
behaviour of ri(H;K,,) up to a constant factor for every fixed k£ > 2. In
this subsection we illustrate this fact by considering the Ramsey numbers
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rk(Cy; Kp,). We start, however, with a simple upper bound for the numbers
ri(H; K,,) when H is a fixed bipartite graph. Recall that the Turdn number
ex(n,H) of a graph H is the maximum possible number of edges of a simple
graph on n vertices which contains no copy of H. It is well known that these
numbers are sub-quadratic for every fixed bipartite H (see [20]).

Lemma 3.3. Let H be a fixed bipartite graph, and suppose that the Turan
number of H satisfies ex(n, H) <O(n?> /'), where t > 1 is a real. Then, for
every fixed k there exists a constant c=c(k,H) such that

mt

ri(H; Kp) < C(log )
Proof. Put n=ry(H; K,,)—1. Given an edge-coloring of K,, by k+1 colors
with no monochromatic copy of H in each of the first k£ colors, and no
monochromatic K, in the last color, let T" be the graph whose edges are all
edges of K, colored by one of the first k& colors. The total number of edges of
T is clearly at most k-ex(n, H) <b(k, H)n?*~/*. Moreover, the neighborhood
of any vertex of degree d in T contains at most k-ex(d, H) <b(k,H)d* 1/*
edges of T. In [1] it is proved that if a graph on n vertices with average
degree at most D contains at most nD?~" triangles, then it contains an
independent set of size at least ¢(n)nlog D/D. Therefore, if D is the average
degree of T then, as T contains an induced subgraph on n/2 vertices with
maximum degree at most 2D and hence at most O(D2*1/ %) edges in any
neighborhood of a vertex, it contains an independent set of size at least
2(nlog D/D)>2(n'/*logn). Since the independence number of T' is smaller
than m it follows that Q(nl/ tlogn) <m, implying the desired result. 1

The Erdés—Rényi graph G, constructed in [14], is the polarity graph of
a finite projective plane of order p. This graph is an (n,d,\)-graph, where
n=p’+p+1, d=p+1and A= /P, and it exists for every prime power p.
It has p+1 vertices incident with loops. By Theorem 2.1, the number of
independent sets of size m=21log?n in this graph is at most (1og+€n)m’ and
this, together with Lemma 3.1 and a simple computation implies that

r(Cy,Cy, Kp) > n = 6(m?/log* m).

Note that by Lemma 3.3 above this implies that 7(Cy, Cy, K,,) =O(m?).

For more colors our method suffices to determine the asymptotic be-
haviour of r;(Cy; K;,) up to a constant factor. Indeed, for any fixed ¢ > 6
and all sufficiently large n =p? +p+ 1, a simple computation, using Theo-
rem 2.1 and Lemma 3.1, implies that

7“3(04; Kc\/ﬁlogn) > n.
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This, together with the fact that ri(Cy; K,,) >r3(Cy, Kyp,) for all k>3, and
together with Lemma 3.3 implies the second part of the following theorem,
whose first part has been established in the previous paragraph.

Theorem 3.4. The Ramsey numbers 1,(Cy; Ky,) satisty the following:
(i) 72(Cy; K ) = O(m?).
(ii) For every fixed k>3 there are two positive constants cy,cs such that

m? m?

< Tk(C4;Km) < cy

c

! log? m log?m’

The results above are surprising in view of the fact that the asymptotic
behaviour of the Ramsey number 71 (Cy; K,,) =r(Cy, K,y,) is much less un-
derstood. In [12] Erdds conjectured that this number is at most O(n?~) for
some fixed € >0, but the best known bounds are only (see [24], [13]):

m3/2 m2
9<7> < H(Co Kon) gO( ! )

log3/ Zm log“m

Theorem 3.4 shows that the situation becomes clearer as the number of
colors increases. In the next two subsections we show several additional
examples exhibiting this phenomenon.

3.3. Complete bipartite graphs

The projective norm graphs G(p,t) have been constructed in [6], modifying
an earlier construction given in [19]. The construction is the following. Let
t>2 be an integer, let p be a prime, let GF(p)* denote the multiplicative
group of the finite field with p elements, and let GF(p'~!) denote the field
with p?~! elements. The set of vertices of the graph G = G(p,t) is the set
V=GF(p'~!)x GF(p)*. Two distinct (X,a) and (Y,b) €V are adjacent if
and only if N(X +Y)=ab, where the norm N is understood over GF(p),
that is, N(X)= X+ +7""* Note that |[V|=p' —p'~L. If (X,a) and (Y,b)
are adjacent, then (X,a) and Y # —X determine b. Thus G is regular of
degree pt=1 —1.

These graphs can be defined in the same manner starting with a prime
power ¢ instead of the prime p, but for our purpose here the prime case
suffices. The main property of the graphs G(p,t), proved in [6] by applying
some tools from algebraic geometry developed in [19], is the following.

Lemma 3.5 ([6]). The graph G(p,t) contains no subgraph isomorphic to
Ky t—1)141-
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We need to bound the eigenvalues of G(p,t). It turns out that we can, in
fact, compute these eigenvalues precisely. These have been computed inde-
pendently by T. Szabé [26].

Lemma 3.6. Let G=G(p,t) be as above. Then every eigenvalue of G(p,t),
besides the trivial one, is either p*~1/2 or —p(t=1)/2 o1 0 or 1 or —1. There-
fore, G is an (n,d,\)-graph with n=p'—p'~!, d=p'~1 —1 and A=p~1/2,

Proof. Put ¢g=p'~! and let A be the adjacency matrix of G=G(p,t). The
rows and columns of this matrix are indexed by the ordered pairs of the set
GF(q)xGF(p)*. Let ¢ be a character of the additive group of GF(q), and let
X be a character of the multiplicative group of GF(p). Consider the vector
v:GF(q) x GF(p)* — C defined by v(X,a) =1(X)x(a). For each non-zero
element c € GF(p)*, define S.={Z € GF(q): N(Z)=c}. Since the norm of
each nonzero member of GF(q) lies in GF(p)*, the sets S. form a partition
of all nonzero elements of GF'(q). We now compute the vector Av:

[Av](X,a) = > Y. W)= Yo xb) Y w(Y)

beGF(p)* Y:N(X+Y)=ab bEGF(p)* YeSup—
= > xb) Y v(2NX)= Z > X X)X(a)
beGF (p)* ZE€Sqp beGF(p)* Z€Sap

= > ZX(N(Z)W(ZW(X)X(@)

bEGF(p)* ZESap

3 w<z>x<N<Z>>]‘w<X>x‘<a>

ZEGF(q),Z#0

> w2 (2)| i,

ZEGF(q),Z#0

Since v(X,a) is also a product of an additive character by a multiplicative
one, another application of A shows that

Aw=| 3 2NN v

ZEeGF(q),Z#0

Since the vectors (X )x(a), as ¥ ranges over all additive characters of the
large field, and y ranges over all multiplicative characters of the small field,
are pairwise orthogonal, we conclude that all the eigenvalues of the matrix
A? are given by the expressions

Y. w(2)xWN(2))

Z€EGF(q),Z#0
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Set X' (Z)=x(N(Z)) for all nonzero Z in GF(q). Note that as the norm is
multiplicative, ¥’ is a multiplicative character of the large field, and hence
all the last expressions are squares of absolute values of Gauss sums. It is
well known (c.f., e.g., [11], page 66), that the value of each such square,
besides the trivial ones (that is, when either ¢ or " are principal), is ¢. For
the sake of completeness, we include a short proof of this fact. Put

S=| Y W@x©2),

ZEGF(q),Z#0

where 1) is a non-principal additive character and x’ is a non-principal mul-
tiplicative character. Then

S=q-14+Y > WZ)(Z)X (Z1)X (22)
Z1£0 250,71
=q-14+Y > (% - Z)X(Z1/%)

Z17#0 Z2#0,Z1

=q—-1+> 9Y) > X/(ZQZJ;Y>

Y£0 Z2#40,—-Y
Y
=q—14+ ) %) > X/(1+Z—).
Y#0 Z9#0,—Y 2

When Z, ranges over all field elements besides 0,—Y, the quantity 1+ Z%
ranges over all nonzero field elements besides 1, and as the sum of y/(X)
over all elements X of the multiplicative group of the field is 0 and /(1)=1
it follows that -, o _y x'(1+ Z%) = —1. Therefore, the above sum is equal
to
g—1-> ¢(Y)=q-1-(-1) =g,
Y #£0

where here we used the fact that > y-¢(Y)=0 and that ¢ (0)=1.

This gives the values in the nontrivial cases. If X’ is principal and ) is
not, then the sum Zz;ﬂ) 1(Z)=—1 and hence its square is 1. If ¢ is principal
and ' is not, then 3°, ., x'(Z)=0. This completes the proof. 1

Combining the last two lemmas with Theorem 2.1, Lemma 3.1 and
Lemma 3.3 together with the known fact proved in [20] that for every fixed
s>t>2, ex(n,K; ) =0(n>"t)  we get the following theorem. We omit the
detailed computation, which is analogous to that described in the previous
subsection.
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Theorem 3.7. The Ramsey number r,(K; s; Ky,) satisty the following:

(i) For every fixed t > 1 and every fixed s > (t—1)141 | 7o( Ky 5, K;n) =O(mb).
(ii) For every fixed k>3, t>1 and s> (t—1)!+1 there are two positive
constants c1,co such that

mt mt

< Tk:(Kt,s; Km) <

c .
! log’m log’ m

3.4. Additional even cycles

For every ¢ which is an odd power of 2, the incidence graph of the generalized
4-gon has a polarity. The corresponding polarity graph is a ¢+1-regular graph
with ¢3+¢?+q+1 vertices. See [9], [21] for more details. This graph contains
no cycle of length 6 and it is not difficult to compute its eigenvalues (they
can be derived, for example, from the the eigenvalues of the corresponding
incidence graph, given in [27]). Indeed, all the eigenvalues, besides the trivial
one (which is ¢+ 1) are either 0 or y/2¢ or —/2¢. Combining this with
the known fact that ex(n,Cs) = O(n*3) (c.f., e.g., [8]) we conclude from
Theorem 2.1, Lemma 3.1 and Lemma 3.3 that the following theorem holds.
We omit the detailed computation.

Theorem 3.8. The Ramsey numbers r4,(Cs; Ky, ) satisty the following:
(i) T‘Q(C(j; Km) = 8(m3/2)
(ii) For every fixed k>3 there are two positive constants cy,cs such that

3/2 3/2

m

Cl—7—
log3/ Zm

m
< rg(Co; Km) < c2 oz

For every ¢ which is an odd power of 3, the incidence graph of the gen-
eralized 6-gon has a polarity. The corresponding polarity graph is a g+ 1-
regular graph with ¢°+¢*+---+¢+1 vertices. See [9], [21] for more details.
This graph contains no cycle of length 10 and its eigenvalues can be easily
derived, for example, from the the eigenvalues of the corresponding inci-
dence graph, given in [27]. All the eigenvalues, besides the trivial one are
either /3¢ or —/3q or \/q or —,/q. Combining this with the known fact
that ex(n,Clo) = O(n5/%) (c.f., e.g., [8]) we conclude from Theorem 2.1,
Lemma 3.1 and Lemma 3.3 that the following theorem holds. Here, too, we
omit the detailed computation.

Theorem 3.9. The Ramsey numbers 11(Cio; Kyp,) satisfy the following:
(i) r2(C1o3 Kim) =0 (m*/*).
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(ii) For every fixed k>3 there are two positive constants ci,cy such that

5/4 5/4

m

cl———
log5/ “m

m
< ; <cg——.
< r6(Chro; Kim) < o m

4. Concluding remarks

e In [4] the authors describe, for every fixed ¢ > 2, infinite families of
(n,d, \)-graphs that contain no copy of Ky, where d= (14 o(1))n'~/*
and A= (1+0(1))d'/2. By taking the r-blow ups of these graphs, with
r = n=1/0FE2=1) " we can follow the arguments described in subsec-
tion 3.1 and conclude that for every fixed k>2 and for every fixed ¢t >2

©) re(Kivo; Kpn) > Q(mFED/2),

e Our lower bound for the Ramsey numbers r(K3; Kpp,) or 7 (Kpyo; Kpy,)
are obtained by taking random shifts of blow-ups of appropriate Ramsey
type graphs with well behaved eigenvalues. Kim and Mubayi [18] noticed
that in these cases the proof can be simplified, and the spectral approach
is not needed. We can simply take random shifts of blow ups of Ramsey
graphs. Indeed, if we know that r(Ky 9, K¢)>n, then the r-blow up of
the appropriate graph contains at most

()

m)!

independent sets of size m. This is because there are at most (') ways to
choose a set of f blown vertices containing our independent set, and then
each vertex of the independent set is one of the fr vertices in these blocks.
As an example, consider Kim’s lower bound r(K3,Kf) > 2(f?/log f).
This bound enables us to prove, using our random shifts approach and
Lemma 3.1, that indeed ri(K3; K,,) > Q(mk+1) for all k> 1, as proved
in Theorem 3.2. In fact, the logarithmic factor here is somewhat better
than what follows from the spectral technique. Since it is known that
r(Kyio, Kp) > 2(mt3)/2) we can take appropriate shifts of blow-ups
and conclude that

Tk:(KtJrQ;Km) > Q(mk(t+1)/2+1)

improving the estimate in (6). Note that this argument does not work for
bounding 7, (H; K,,) for bipartite graphs H, and the spectral approach
seems essential in these cases.
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Our technique can be used to provide lower bounds for additional multi-
colored Ramsey numbers. If GG; is a graph that contains no homomorphic
image of H;, then no blow-up of G; will contain H;, and hence our tech-
niques will enable us to obtain lower bounds for r(Hy,Ha,...,Hy, Ky,).
By taking appropriate random graphs we can get this way lower bounds
for various Ramsey numbers. A specific example are the numbers
7, (Catt1; Ko ). Here, using the method of [24] it is not difficult to show
that there is a graph on n = c(f/log f)'*1/=1 vertices with girth
> 2t + 2 and no independent set of size f. Using the technique de-
scribed above with k > 2, r = ¢/(n/f)* 'log f, and m = flog f yields
P(Cari1: Fo) > 2(m 1 TH/ D) (log )+ 26/ 211

The method can obviously be used to provide bounds for multicolored
Ramsey numbers r(Hy, Ho, ... Hy, K,;,), even when not all the graphs H;
are necessarily isomorphic. Thus, for example, we can use the graphs
constructed in subsection 3.1 and subsection 3.3 to conclude that

r(Ks, K33, Kin) > 2(m?).

Acknowledgment. Part of this research was done during an Oberwolfach
workshop on Combinatorics in January, 2002. We would like to thank the
organizers of the workshop, L. Lovasz and H. J. Promel, as well as the
participants, for helpful discussions.

References

M. AJTAlL, J. KOMLOS and E. SZEMEREDI: A dense infinite Sidon sequence, European
J. Combinatorics 2 (1981), 1-11.

M. Ajtal, J. KomLos and E. SZEMEREDI: A note on Ramsey numbers, J. Combi-
natorial Theory, Ser. A 29 (1980), 354-360.

N. ALoN: Explicit Ramsey graphs and orthonormal labelings, The Electronic Journal
of Combinatorics 1 (1994), R12, 8 pp.

N. AroN and M. KrRIVELEVICH: Constructive bounds for a Ramsey-type problem,
Graphs and Combinatorics 13 (1997), 217-225.

N. Aron, M. KRIVELEVICH and B. SubpAkov: Coloring graphs with sparse neigh-
borhoods, J. Combinatorial Theory, Ser. B 77 (1999), 73-82.

N. Aron, L. RONYAI and T. SzaBO: Norm-graphs: variations and applications,
J. Combinatorial Theory, Ser. B 76 (1999), 280-290.

N. ALON and J. SPENCER: The Probabilistic Method, Second Edition, Wiley, New
York, 2000.

B. BoLLOBAS: Extremal Graph Theory, Academic Press, London, 1978.

A. E. BROUWER, A. M. COHEN and A. NEUMAIER: Distance-Reqular Graphs,
Springer-Verlag, Berlin, 1989.

F. CuHunG and R. L. GRAHAM: Erdds on Graphs: His Legacy of Unsolved Problems,
A. K. Peters, Ltd., Wellesley, MA, 1998.



SHARP BOUNDS FOR SOME MULTICOLOR RAMSEY NUMBERS 141

[11] H. DAVENPORT: Multiplicative Number Theory, Second Edition, Springer Verlag, New
York, 1980.

[12] P. ErpOs: Extremal problems in number theory, combinatorics and geometry, in
Proc. of the International Congress of Mathematicians, Warsaw (1984), 51-70.

[13] P. ErRDOs, R. J. FAUDREE, C. C. RoUssEAU and R. H. ScHELP: On cycle-complete
graph Ramsey numbers, J. Graph Theory 2 (1978), 53-64.

[14] P. ErRDOs and A. RENYI: On a problem in the theory of graphs (in Hungarian),
Publ. Math. Inst. Hungar. Acad. Sci. 7 (1962), 215-235.

[15] P. ErDGs and V. T. SOs: Problems and results on Ramsey-Turdn type theorems,
Proc. of the West Coast Conference on Combinatorics, Graph Theory and Comput-
ing, Humboldt State University, Arcata, CA, 1979, Congressus Numer. Vol. XXVI,
Utilitas Mathematics, Winnipeg, Man., 1980, pp. 17-23.

[16] R. L. GrRAHAM, B. L. RoTHSCHILD and J. H. SPENCER: Ramsey Theory, Second
Edition, Wiley, New York, 1990.

[17] J. H. Kim: The Ramsey number R(3,t) has order of magnitude ¢*/logt, Random
Structures and Algorithms 7 (1995), 173-207.

(18] J. H. KiM and D. MUBAYI, Private communication.

[19] J. KoLLAR, L. RONYAT and T. SzAaBO: Norm-graphs and bipartite Turdn numbers,
Combinatorica 16 (1996), 399-406.

[20] T. KOVARI, V. T. S6s and P. TURAN: On a problem of K. Zarankiewicz, Colloquium
Math. 3 (1954), 50-57.

[21] F. LAzEBNIK, V. A. USTIMENKO and A. J. WOLDAR: Polarities and 2k-cycle-free
graphs, Discrete Math. 197/198 (1999), 503-513.

[22] J. B. SHEARER: On the independence number of sparse graphs, Random Structures
and Algorithms 7 (1995), 269-271.

[23] M. SimonovITs and V. T. S6s: Ramsey—Turdn Theory, Discrete Math. 229 (2001),
293-340.

[24] J. SPENCER: Asymptotic lower bounds for Ramsey functions, Discrete Math. 20
(1977/78), 69-76.

[25] B. Subakov, Private communication.

[26] T. SzaBO: On the spectrum of projective norm-graphs, Information Processing Let-
ters 86 (2003), 71-74.

[27] R. M. TANNER: Explicit concentrators from generalized N-gons, SIAM J. Algebraic
Discrete Methods 5 (1984), 287-293.

Noga Alon Vojtéch Rodl

Institute for Advanced Study Department of Mathematics

Princeton, NJ 08540 and Computer Science

USA Emory University

and Atlanta

Department of Mathematics USA

Tel Aviv University rodl@mathcs.emory.edu

Tel Aviv 69978

Israel

nogaa@post.tau.ac.il


mailto:nogaa@post.tau.ac.il
mailto:rodl@mathcs.emory.edu

	Heading
	1. Introduction
	2. The number of independent sets in graphs with small nontrivial eigenvalues
	3. Tight bounds for Ramsey numbers
	3.1. Triangles
	3.2. Bipartite graphs and 4-cycles
	3.3. Complete bipartite graphs
	3.4. Additional even cycles

	4. Concluding remarks
	References

